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Abstract
We consider dense 2-generator multiplicative subgroups in C and
show that for each point z ∈ C the set of limit values for the arguments
of the powers of each generator at the point z is either finite or is [−pi, pi]
MSC classification: Primary 20F38, 28A80
Introduction.
The paper was motivated by some neat examples in fractal geometry [1, 3]
and the problems arising in the course of their construction.
It is a well known and widely used fact that if ξ, η are such positive
numbers, that
log ξ
log η
is irrational, then for any λ > 0 we can find such
sequence (nk,mk), that lim
k→∞
nk =∞, lim
k→∞
mk =∞, lim
k→∞
ξnk/ηmk = λ.
Now suppose that ξ and η are complex numbers. What conditions must
be imposed on ξ and η to ensure that such sequence exists for any λ ∈ C?
More complicated question is, can we find such ξ, η, that for any λ ∈ C and
for any α ∈ (−pi, pi) there is a sequence (nk,mk), for which lim
k→∞
ξnk/ηmk = λ,
while the values of the arguments of ξnk , ηmk converge to a given value α?
Surprisingly, the answer is yes. This is possible in the case, when a, b
are the generators of such group G = 〈ξ, η, ·〉, dense in C, that for each open
∗Supported by Russian Foundation of Basic Research project 13-01-00513
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set V⊂C the values of the arguments of first factors ξm of the elements
ξmηn ∈ (G ∩ V ) are dense in [−pi, pi]. We call such G a group of the second
type and prove that they do exist.
Dense additive and multiplicative groups in C.
We begin with dense 3-generator lattices in C.
Theorem 1 Let ξ = α + iβ, α, β ∈ R. A group G = 〈1, i, ξ,+〉 is dense in
C iff for any integers k, l,m
kα+ lβ +m = 0 implies k = l = m = 0, (∗)
Proof.
Let ϕ be the canonical homomorphism of G to the factor-group G′ =
G/Z[i], where Z[i] = 〈1, i,+〉 is a group of Gaussian integers. G′ is a sub-
group of the torus T = C/Z[i]. By (*), the equality ϕ(mξ + k + li) =
ϕ(m′ξ + k′ + l′i) holds iff m = m′. Therefore all zm = ϕ(mξ + k + li)
are different in G′. So G′ is an infinite cyclic subgroup in T and it has a
limit point in T . If a sequence {zmk} converges, the sequence {zmk+1 − zmk}
converges to 0, so 0 is a limit point both in G′ and in G.
For z 6= 0 in C, let Lz be the line {tz |t ∈ R}. Notice, that for any
bounded subset D⊂C, the set G ∩ Lz ∩D is finite.
Indeed, if z = mξ+ k+ li, and z′ = m′ξ+ k′+ l′i ∈ Lz, then
m′α+ k′
mα+ k
=
m′β + l′
mβ + l
. The last equation implies
(m′l − l′m)α+ (km′ − k′m)β + (k′l − kl′) = 0
Then it follows from (*) that
l′
l
=
m′
m
=
k′
k
. If z′ ∈ D, this ratio is bounded,
so G ∩D ∩ Lz is finite.
Therefore, for any ε > 0 we can take such a, b ∈ G∩B(0, ε), that b /∈ La.
Then the set {ka + lb : k, l ∈ Z} is an ε-net in C. This shows that G is
dense in C.
The second part of the proof is rather short.
Suppose kα + lβ + m = 0 and k 6= 0. Find such p1, p2, q ∈ Z that
kp1+ lp2−mq = 0. If x = qα+p1, y = qβ+p2 then kx+ ly = kp1+ lp2−qm.
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The last equality means that all the elements of the group G lie on a
family of parallel lines kx+ ly = n, where k, l are fixed and n ∈ Z. The unit
square P intersects no more than k + l+ 1 of these lines, therefore G is not
dense in C.
Applying an affine tranformation sending 1, i, ξ to u, v, w, we get
Corollary 2 Let u, v ∈ C, Im
u
v
6= 0, w = αu+ βv, α, β ∈ R.
A group G = 〈u, v, w,+〉 is dense in C iff for any integers k, l,m,
kα+ lβ +m = 0 implies k = l = m = 0 
In the case w = 1 we can apply the map f(z) = e2piiz to obtain
Corollary 3 Let u, v ∈ C, Im
u
v
6= 0, αu+ βv = 1, α, β ∈ R, ξ = e2piiu,
η = e2piiv. A group G = 〈ξ, η, ·〉 is dense in C iff for any integers k, l,m,
kα+ lβ +m = 0 implies k = l = m = 0 
Then G = 〈ξ, η, ·〉 is called a dense 2-generator multiplicative group in C.
We will consider a group G = 〈ξ, η, ·〉 along with its additive counterpart,
Gˆ = 〈u, v, 1,+〉, where ξ = e2piiu, η = e2piiv.
Notice that if G = 〈ξ, η, ·〉 is dense in C, the formula ψ(ξmηn) =
(
ξ
|ξ|
)m
defines a homomorphism ψ of a group G = 〈ξ, η, ·〉 to the unit circle S1⊂C.
Put
HG =
⋂
ε>0
ψ(B(1, ε) ∩G)
In other words, HG is the set of limit points of all those sequences
{eink arg(ξ)}, for which {nk} is the first coordinate projection of such se-
quence {(nk,mk)}, that lim
k→∞
ξnkηmk = 1.
The set HG is a closed subset of the unit circle S
1, and it is a subgroup
of the group S1, so it is either finite cyclic, i.e. HG = {e
2kpii/n} for some
n ∈ N, or it is infinite and dense in S1 and therefore HG = S
1.
Definition 4 A dense 2-generator subgroup G is called the group of the first
type, if HG is finite, and the group of the second type, if HG = S
1.
Lemma 5 G is of the second type iff for some α /∈ Q, e2piiα ∈ HG.
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Remark. Let ξ = e2piiu, η = e2piiv are the generators of the group G of
the second type and e2piiα ∈ HG for some irrational α. From the point of
view of the group G′ this means, that there is such sequence {(pn, rn, sn)}
in Z3, that lim
n→∞
(rnu+ snv) = 1 and lim
n→∞
rnRe(u)− pn = α.
In other words, lim
n→∞
{rnRe(u)} = α (where {x} stands for fractional
part of x).
Corollary 6 If G = 〈ξ, η, ·〉 is of the second type, then for any open subset
V ∈ C the set ψ(V ∩G) is dense in S1.
Proof Take ξmηn ∈ V . Then for some ε > 0, ξ−mη−nV⊃B(1, ε). Since
ψ(B(1, ε) is dense in S1, the same is true for ψ(V ). 
The groups of the second type have a significant geometric property:
Theorem 7 If the group G with generators ξ = reiα, η = Reiβ is of the
second type, then for any z1, z2 ∈ C\{0} there is such sequence {(nk,mk)}
that lim
k→∞
z1ξ
nk
z2ηmk
= 1 , lim
k→∞
einkα = e−i arg(z1) , lim
k→∞
einkβ = e−i arg(z2).
The proof directly follows from the previous corollary.
The last theorem means, that if G is of the second type, then given any
two orbits {z1ξ
n}, {z2η
m} and any ray Lθ : arg z = θ, there are two subse-
quences {z1ξ
nk}, {z2η
mk} for which lim
k→∞
z1ξ
nk
z2ηmk
= 1, while both projections(
z1ξ
nk
|z1ξnk |
)
,
(
z2η
mk
|z2ηmk |
)
approach eiθ.
Examples of the groups of first and second type.
For the groups of the first type, we have the following sufficient condition:
Theorem 8 Suppose G = 〈ξ, η, ·〉 is dense in C, ξ = e2piiu, η = e2piiv. If
Reu Imv
Rev Imu
∈ Q,
then G is of the first type.
Proof. Put u = u1 + iu2, v = v1 + iv2. Suppose
v1u2
u1v2
=
p
q
, where p, q ∈ Z.
Notice that u and v are not collinear, so p 6= q.
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Take some ε ∈ (0, 1) and suppose |ξmηn − 1| < ε, m,n ∈ Z. Then
|mu+ nv − k| < ε for some k ∈ Z.
Combining the inequalities |nu2 +mv2| < ε, |mu1 + nv1 − k| < ε, we get
∣∣∣∣mu1v2 − v1u2v2 − k
∣∣∣∣ < ε
(
1 +
∣∣∣∣v1v2
∣∣∣∣
)
, or
∣∣∣∣mq − pq u1 − k
∣∣∣∣ < ε
(
1 +
∣∣∣∣v1v2
∣∣∣∣
)
.
Rewriting the last inequality in the form
∣∣∣∣mu1 − kqq − p
∣∣∣∣ < ε
∣∣∣∣ qq − p
∣∣∣∣
(
1 +
∣∣∣∣v1v2
∣∣∣∣
)
we see that the order of the group G divides |p − q|.
To show the existence of a dense group of the second type, we follow
Remark to the Lemma 5 and find such u, v ∈ C and α ∈ (0, 1)\Q, that for
some integers rn, sn, lim
n→∞
(rnu + snv) = 1 and lim
n→∞
{rnRe(u)} = α. We
make it three steps.
Step 1. Construct irrational numbers α, β, γ.
We construct such positive numbers α, β and γ with continued fraction
representations
α =
1
a1 +
1
a2 + ...
, β =
1
b1 +
1
b2 + ...
, γ =
1
c1 +
1
c2 + ...
,
that the denominators of the convergents for α, β, γ form the sequences
{qn}, {qn + 1}, {qn + 2 + (−1)
n} respectively. So the convergents for
α, β, γ will be
pn
qn
,
rn
qn + 1
,
sn
qn + 2 + (−1)n
Define the sequence {qn} = (1, 2, 31, 994, ...) by the relations: q1 = 1,
q2 = 2, q2n+1 = q2n−1+q2n(q2n+1)(q2n+3), q2n+2 = q2n+q2n+1(q2n+1+1).
The terms for α are (see [2]) an+2 =
qn+2 − qn
qn+1
,
so a2n+1 = (q2n + 1)(q2n + 3), a2n+2 = q2n+1 + 1, a1 = q1 = 1.
The terms for β are b2n+1 = q2n(q2n + 3), b2n+2 = q2n+1, b1 = 2.
Then the terms for γ are c2n+1 = q2n(q2n + 1), c2n+2 = q2n+1, c1 = 2.
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Finally we get the following sequences an, bn, cn:
(1, 1, 15, 32, 995 · 997, ...),
(2, 1, 10, 31, 994 · 997, ...),
(2, 2, 6, 32, 994 · 995, ...).
For odd n, we have β =
rn
qn + 1
+
βn
qn + 1
and γ =
sn
qn + 1
+
γn
qn + 1
.
Then βn <
1
qn + 1
and γn <
1
qn + 1
for any n ∈ N.
Step 2. Show that β and γ satisfy the condition (*) of Theorem 1.
Suppose lβ +mγ − k = 0 for some l,m, k ∈ Z.
Take such N that for n > N , qn > 3max {|k|, |m|, |l|}.
Rewrite lβ +mγ − k = lrn +msn − k(qn + 1) + lβn +mγn = 0. Since
lβn +mγn <
l +m
qn + 1
<
2
3
, we have βn = γn = 0 for n > N . Then for odd
n > N , we get
l
rn
qn + 1
+m
sn
qn + 1
= k and l
rn+1
qn+1 + 1
+m
sn+1
qn+1 + 3
= k
Therefore l
(
rn
qn + 1
−
rn+1
qn+1 + 1
)
+m
(
sn
qn + 1
−
sn+1
qn+1 + 3
)
= 0.
Observing that rn(qn+1 + 1) − rn+1(qn + 1) = 1 and sn(qn+1 + 3) −
sn+1(qn+1) = 1, we get that for any odd n > N , (l+m)qn+1+3l+m = 0.
This is possible only if l = m = 0, so k is also 0.
Step 3. Find such u, v ∈ C that βu+ γv = 1, Re(βu) = α to construct
the group G .
To get desired u, v, take h > 0 and define u =
α+ ih
β
, v =
1− α− ih
γ
.
For any ε > 0 there is such N , that for any n > N , |qnα − pn| < ε,
|(qn + 1)β − rn| < ε and |(qn + 2 + (−1)
n)γ − sn| < ε.
For any odd n > N , the sum of the second and third inequalities, mul-
tiplied by |u|, |v| respectively, gives |(qn + 1)− (rnu+ snv)| < ε(|u| + |v|).
From |(qn +1)α− rnRe(u)| < ε|u| and |(qn +1)α− (pn +α)| < ε we get
|rnRe(u)− pn − α| < ε(|u| + 1).
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Using that 0 < α < 1, and pn is an integer, for n = 2k + 1 we have
lim
k→∞
{r2k+1Re(u)} = α (where {x} stands for fractional part of x), while
lim
k→∞
(r2k+1u+ s2k+1v) = 1 .
Consider the group G = 〈ξ, η, ·〉 generated by ξ = e2ipiu and η = e2ipiv .
By Corollary 3, G is dense in C. Since
lim
k→∞
eir2k+1Re(u) = e2piiα,
where α is irrational, by Lemma 5 the group G is of the second type.
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